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0. Introduction and basic notation. 

0.1. In this paper X denotes a smooth complex surface. A curve C in X is an 
effective divisor. This means that C is a locally finite formal sum C = ^2 i rriiCi, 
where every Cj is a (closed) irreducible analytic set of (co)dimension 1, and rrii are 
positive integers. We call Ci (irreducible) components of C and rrii multiplicities. 
The set \C\ : = U^Ci is called the support ofC. For an open subset U C X we define 
the restriction of C to U as C HU := ^m^Cjnt/"). 

With any component Ci we associate the ideal sheaf whose group of sections 
over an open set V C X is T(V,3 Ci ) ■= {/ e T(V,0) : f\ VnC = 0}. This is 

a coherent analytic sheaf and supp(0/JcJ = Ci. Call 3c '■= Wi = \'^c i the ideal 
sheaf of C, and Oc '■= Oxftc the structure sheaf of C. The ideal sheaf Jc is 
locally principle, i.e. has locally the form "Jc\u = fu " ®x- We call such fu a local 
determining function of C in U and CflU a divisor of fu, CD U = Div(/[/). 

The pair (|C|,0c) is a complex subspace of X (in general not reduced and 
reducible) which we shall denote also by C. This means that we can concider C as 
an analytic cycle C = J2i m iCi as also as subspace C = (|C|, Oc) of X. 

0.2. It is known (see e.g. [Ha] or [Ki]), that one can associate to every curve 
C = J2i m iCi a closed positive integer (l,l)-current rjc such that, for any continuous 
2-form tp with the compact support in X, 



Vc(<fi) = (vc,<p) ■=y2m l / tp. 

JCi 
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Moreover, C is completely determined by r\c and every closed positive integer (1,1)- 
current r\ in X corresponds to some curve, see [Ha] or [Ki]. Thus we identify the 
set of curves in X with a space TJ 1 ' 1 (X) of closed positive integer (1,1) -currents in 
X and induce the topology on a set of curves. Note that 93 1A (X) is closed subset 
in the space D' 2 (X) of 2-currents in X. 

The (weak) topology in the space CPJ 1 ' 1 (X) gives us the notion of weakly contin- 
uous family of curves in X. Namely, a family {C y } y6 y, parameter ised by a topo- 
logical space Y , is called weakly continuous, iff the induced map F:Y ^?3 l ' l (X), 
F(y) := rj c , is continuous. We shall show later that this is equivalent to the follow- 
ing condition: There exist an open covering {V a } of X x Y and continuous functions 
f a E C(V a ,C) such that for any y E Y the restriction of f a on (X x {y}) n V a is 
holomorphic and generates the ideal sheaf dc y = fa '®xx{y} °f Cy The f a are 
called local determining functions of a family {C y }. 

In particular, a sequence {C u } of curves in X converges weakly to a curve 
iff for any x E X there exist a neighbourhood V 3 x and a sequence of holomorphic 
functions f v E r(V, 0) which are determining for C v and which converge uniformly 
in V to a determining function foo of Coo. 

0.3. For the definition of the category of Banach analytic spaces we refer to [Dou], 
Section 3. We note that for every Banach analytic space Y and Banach spaces 
F the sheaf 0y(F) :[/c7h ]?(£/", 0y(F)) of holomorphic F-valued morphisms 
between open subsets U C Y and E is a part of a definition of the structure of 
a Banach analytic space. In the case E = C we denote this sheaf by 0y. Any 
morphism F : Y — > Z between two Banach analytic spaces defines a continuous 
map F : Y — > Z between corresponding topological spaces, and a morphism of 
sheaves F| : 0y(F) -> F*0 Z (£) for any Banach space E. Here F*0 z (E) denotes 
the pull-back of the sheaf 0z(E) w.r.t. continuous map F. Moreover, a morphism 
F : Y — > Z is defined by the data F and F^. 

We say that a continuous map F : Y — > Z is holomorphic if it is induced by a 
morphism .F : Y - — > Z. Note that such a morphism F : Y — > Z can be not unique 
at the sheaf level. In particular, two different morphisms Fi,F2 G Mor(Y, F) = 
r(Y,0y(F)) can induce the same continuous map F x = F 2 : Y — > F. This reflects 
the fact that a generic Banach analytic space F is highly non-reduced. 

0.4. Definition. We say that a Banach analytic space Y is of ignite type iff 
Y can covered by local charts Y a such that any Y a is isomorphic to a zero set 
of a holomorphic map / a : B a — > C n ", where F a denotes a ball in some Banach 
space. In particular, we have an isomorphism 0y| v = Ob /{fa ir"fan ), where 
(/a,i ! "7a,n [I ) denotes the ideal sheaf generated by the components of f a . Such 
spaces are also refered to as Banach analytic spaces of finite definition or Banach 
analytic spaces of finite codimension. 

0.5. Definition. A holomorphic family C = {C y } ye Y of curves in X parametrised 
by a Banach analytic space Y is given by an open covering {V Q } of X x Y and 
holomorphic functions f a E T(V a ,QxxY) such that: 

i) if V a r\Vp^ 0, then f a = f af} ■ fp for some invertible f af3 E T(V a n Va, 0^ xY ); 

ii) for any y E Y the restriction of / a on V^nX x {y} is not identically zero an 

:„ „ i„„„i j„j- — -f. -i-; — -f — „ /~i 
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The functions f a are called local determining functions of the family {C y } yE Y- 
The collection {f a } defines the sheaf of ideals Je C OxxY with 3q\ v := f a ■ OxxY- 
Two holomorphic families parametrised by the same Banach analytic space Y are 
isomorphic iff they define the same sheaf of ideals over 1x7. 

0.6. Now let C* be any curve in X and K <<= \C* | any compact subset of its support. 
Our main result is the following 

Main Theorem. There exists an open set U C X containing K such that the set 
of curves in U , which satisfy an appropriate boundary condition and are sufficiently 
close to C* nU, is a holomorphic family C = {Qt}teM parameterised by a Banach 
analytic space M of finite type. Moreover, for every continuous (resp. holomorphic) 
family {C y } ye y with C* = C yo for some yo G Y, there exist a neighbourhood Yq C Y 
of yo and a continuous map (resp. a morphism) F : Yo — > M such that C y fl U = 

&F( y )- Two such families {C' y } yeY an d {^y} y eY coincide over Yq iff they induce 
the same continuous map (resp. morphism) F : Yq — > M. 

0.7. The theorem has several corollaries which are mainly due to the fact that 
Banach analytic sets of finite type have sufficiently simple structure. In particular, 
if X, C*, and U are as in the Main Theorem, and if {C n } is a sequence of curves 
in X converging to C*, then for any n » 1 there exists a holomorphic family 
{C\}\eA of curves in U, which is parametrised by a disk A C C and contains both 
C n nU and C*(~)U. This allows to obtain a generalization of the continuity principle 
of E. E. Levi. 

0.8. The conclusion of the Main Theorem is obtained by an explicit construction 
of the space M. The problem of deformation of a curve C leads to study of the 
normal sheaf Nc to C in X . It is defined as 3\fc := %jm 0x (Jcf^C' ®c)- 

To obtain a parametrising space as an analytic set in Banach manifold we intro- 
duce the notion of a (Banach) smoothness S. This generalises the usual smoothness 
classes such as k times continuous differentiability C k , Sobolev smoothness L fe ' p , 
or Holder smoothness C h,a . For such a smoothness S we define a Banach space 
Ts(C,Nc) = Hg(C,3\fc) of (holomorphic) sections of Nc which are S-smooth up 
to boundary dC (or simply ^-smooth). 

The description of a moduli space M in a neighbourhood of a marked point yo 
is usual for a deformation theory: 

0.9. There exists a ball B C H^(C,N C ) and a holomorphic map $ : B — > H 1 (C, Nc) 
such that 

i) $(0) = 0, d$(0) = 0; 

ii) $ : B -»• H^C,^) is a local chart for M. 

Hi) G B corresponds to y G M, parameterizing C* CiU. 
The desired property of M is based on the fact that non-compact components of C 
are Stein spaces, and consequently H 1 (C, J^c) is finite-dimensional. In particular, 
M ^ B /($i,... ,$fc), k := dimH 1 (C,3\T c ). Here $j denote the components 
of $ and ($i, . . . , <E»fc) the ideal sheaf genereated by $i, . . . ,<&/.. 

0.10. Acknoledgements. I expresses his gratitude to S. Ivashkovich for the con- 
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cations. I also wish to thank D. Barlet, H. Flenner, S. Kosarew, G. Schumacher, and 
B. Siebert for numerous helpful discussions on different questions of the deformation 
theory. 

1. The local situation. 

1.1. The construction of the moduli space M is based on two special cases. One of 
them describes local deformations of curves and the other one allows to match two 
different local descriptions. 

We first consider a local situation. For this we suppose that £ is a smooth 
complex curve with a smooth nonempty boundary dU. Set V := U x A. Denote 
by r^oo(Z , ,O n ) the Banach space of n-tuples of holomorphic uniformly bounded 
functions on S. For every such / = (fi(z),... ,f n (z)) G T L oo(E,Q n ) we define a 
WeierstraB polynomial 

n 

P f (z,w):=w n + ^f l (z)w n -\ zeU, we A (1.1) 
1=1 

and a curve Cf C V to be the zero divisor of Pf(z,w). 

1.2. Lemma. Every curve C C V = U x A satisfying condition 

\C\cSxA(r) for some r<l (1.2) 
is a zero divisor of a uniquely defined Weierstrafi polynomial Pf(z,w) = w n + 

ELi/iO*)^ ^/ = (/i»-,/n)er L »(^o n ). 

The set M^2> (V) of those f G T^oo (£, n ) for which Cf satisfies condition (1.2) 
is open in r LO o(r,O n ). The map $ : M ( ™l(V) -> TJ (1,1) (y), $(/) := t/ C/ , is 
continuous and infective. The topology on the image <&(M^2>(V)) coincides with 
the weak topology o/Tl°° (£, n ). 

1.3. Remark. For C as in the lemma we shall call the corresponding degree n of 
P the degree of C. 

1.4. Proof. Since the group H 2 (V, Z) is trivial, any curve C in V admits a global 
determining function F. For C satisfying condition (1.2) the Weierstrafi preparation 
theorem (see, e.g. [GrHa]) insures that C is a zero-divisor of a uniquely defined 
Weierstrafi polynomial Pf(z,w) = w n + Ya=i f^ z ) wU ~\ sucn that F = h ■ Pf 
for some invertible h G r(V, 0). We can view / := (/i,...,/ n ) G T(E,O n ) as a 
holomorphic map from U into the n-th symmetric power Sym n A C Sym n C = C n . 
Hence the fi are necessarily uniformly bounded in U. Moreover, for g G T^oo (Z 1 , n ) 
sufficiently close to /, the curve C g defined by Weierstrafi polynomial P g (z,w) := 
w n + J27=i9i( z ) wn ~ l i a ^ so satisfies condition (1.2). Thus the set M^1(V) is open 

in r LO o(r,o n ). 

According to the Poincare-Lelong formula (see [Ha] or [GrHa]), the map $ is 
given by formula 
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Thus $ : r L oo(r,O n ) -»• 93 {1A) (V) is continuous. 

Now let /(") G M ( ^1(V) C r L oo(r,O n ) be a sequence. If {/(")} converges 
weakly to / G m£*2,(V), then {C /( „)} is bounded in ) J (1 ' 1) (y) and any Cauchy 
subsequence of {Cj(„)} must converge to Cf. Vice versa, let {Cf^} converge to 

a curve C satisfying condition (1.2). Since Mj*2(V) C r L oo(r,O n ) is bounded 
subset, some subsequence of {/^} converges weakly to / G T^oo CP) such that 
C/ = C. Consequently, / G M^l (V). □ 

1.5. We see that we have constructed a holomorphic family {C/}j €M («) ^ of 
curves which are "uniformly bounded" in V. Later we shall show that this family 
possesses the universality property. To generalise this result to other classes of 
boundary conditions on curves we introduce the notion of a smoothness. 

For < r < R < oo denote by A r ^ an annulus {z£C : r < \z\ < R}. Denote 
also A - (r) :={zgC : \z\ > r }. Recall that any Riemann surface £ with a complex 
structure which is homeomorphic to an annulus and which boundary dU consists 
of two circles is in fact biholomorphic to some annulus A r ^ £ = A rjR . Recall 
also that any holomorphic function / G F(A rjR ,0) admits a unique decomposition 
into the sum / = /+ + /" such that /+ G r(A(i?),0) and /" G r(A"(r),0) with 
f~(oo) = 0. We call it the Laurent decomposition of /. 

1.6. Definition. A smoothness class S (or simply a smoothness) in A is 
defined by fixing a subalgebra rs(A,0) C r£oo(A,0) which satisfies the following 
conditions: 

Si) rs(A, 0) is a Banach algebra 1 ) with the norm and ||/||l oo (A) ^ Csll/lls- 

SH) rs(A,0) is invariant w.r.t. the action of the group U(l) by rotations on A. 

Siii) If / G r 5 (A, 0), g G T(A r , R , 0) with some r < 1< R, and fg = (/</)+ + (/</)" 
is the Laurent decomposition of the product, then (fg) + G r,g(A,0). Moreover 
\\(fg) + \\s < C(S,r,R)-\\f\\ s -\\g\\L°°(A r , R ) for some constant C(S,r,R). 

Siv) If / G r^oo (A Tj i, 0) has the Laurent decomposition / = f + + f~ with 
/ + G rg(A, 0) and a bounded invertible g := 1/ f G r^oo (A rj i, 0) with the Laurent 
decomposition g = g + + g~ , then g + G rg(A, 0). 

We say that / G rg(A,0) is S-smooth. Conditions Siii) and Siv) provides that 
S'-smoothness depends essentially only on the behavior of / at the boundaryof 
A. Obvious examples are C fc -Lipschitz-Holder smoothness (up to the boundary) 
S = C k ' a (A) with k G N and ^ a ^ 1, Sobolev smoothness S = L k *(A) with 
fe^l, l^p^oo and kp > 2, and also Sobolev smoothness S = L k ' p (S 1 ) on 
boundary S 1 := dA with k ^ 1 and 1 ^ p ^ oo. The later means that the trace f\ sl 
of / G T(A,0) on S 1 = dA is well defined and belongs to the corresponding class. 

1.7. Definition. Let be a smooth complex curve whose boundary dU consists 
of finitely many components 7$, z = 1,... ,n, each of which is homeomorphic to 
a circle <S . The smoothness S at dU in U is defined by fixing of a smoothness 
classes Si in A and annuli Aid E such that one of the components of boundary cL4; 

^This means that ||/fif||s ^ c s||/||s||S'||s, where eg is a constant independent of /, g 6 Tg(A, O) 
and possibly greater than 1. This can be always corrected by introducing a new norm \\f\\ s := 
cun / WfdWs . „ jn r r„/'A ,„u;„v, j„ „™;,,„i™+ +„ ll ll „„^i „,u;„u II t„u* s II -f II* ll„ll* 
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coincides with 7$ and the other one lies in the interior of U. For every i = 1, . . . ,n 
this induces a biholomorphic map tpi : Ai A ru i which extends continuously up 
to the boundary dAi and maps 7, onto <9A. We say that / G T(E, 0) is S-smooth 
in U at dU, f G Fs(2J,Q), iff for every i = l,...,n the Laurent decomposition 

¥>»*/= (</W) + + (vW)~ yields (^j)+er s ,(A,o). 

1.8. Lemma. Let U, 7^ ^ : A — > A ru i, and Si be as above. Then Fs(2J,Q) is a 
Banach algebra with respect to the norm \\f\\s '■= X^i II (fi*f) + II Si • Moreover, 

ll/IUc-^^Cs-H/lls (1.3) 
with a constant Cg independent of f G r,g(I7, 0). XTie subset 

r 5 (r,o) x :={/Gr s (r,o) : r 1 er L ~(z,o)} 

is open in Ts(S,0) and the map 

f : r s (s, o) x - r L ^ (JC, 0) F(/) := r 1 

is r 5(Z I ,0) -valued and holomorphic. 

1.9. Proof. Let / G r s (A,0). Set := vW and let = ff + f~ be the 
corresponding Laurent decompositions. Due to Si) of the definition of smoothness, 
/ is uniformly bounded in U and takes its supremum on one of the boundary 
component 7j. The later means that there exists a sequence x v G U such that 
lima;,, G 7, and lim|/(^)| = ||/||i,<»(27)- In particular, ||/||l-(i:) = H/Ji^a,)- 

For this Aj we obviously have 

Mfh^Aj) < \\fj\\L<™(A j ) + \\fj~\\L<~(A j )- (1-4) 

On the other hand, H/^ - ||l°°( 7j ) ^ 5- ||£,°°(a,-) with 5 := max{ri} < 1. This is 
due to f~(oo) = and the Schwarz inequality. Consequently, 

Wfjh^iAj) <S-\\ff\\ La o( A .) + \\fi-\\ L oo( A .). (1.5) 

Comparing (1.4) and (1.5) we see that 

2 3 S 

ll/ 7 r IU~(A J .)<^-||//IU~(A,-) and ||/j|U~(A,.)<^-||//IU<»(A J .). (1-6) 

Since 5 < 1 is independent of /, from Si) we obtain the estimate (1.3). Conse- 
quently, every||-||s-Cauchy sequence converges to some element in Ts(2J, 0). More- 
over, the map 

n 

$:r s (r,o)^n r ^( A '°)' *(/)== ((*W) + )» (i-7) 
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Take another g G Ts(E,Q) and set ^ := (fi*g with the corresponding Laurent 
decompositions gi = gf + g~ . Then 

• = /^ + + (/r^ + ) + + (if <?• 

For any z = 1 , . . . , n we obviously have 

||/rl|L~(A-(ri)) < c(ri) • H/ilUoc^. ,) < C S | 

and the same estimates for g. Due to Siii) , we obtain 

\\f-9\\s^c' s -\\f\\ s -\\g\\ s . 

Condition Siv) implies that Ts(E,0) x consists of those / G Ts(E,0) which are 
invertible in Ts(£, 0). Thus the last statement of the theorem is a standard fact 
of the theory of commutative Banach algebras, see e.g. [Ga] . □ 

1.10. Definition. Let £ and S be as above and V = £ x A. A function 
F(z,w) G r(V,0) is called Ssmooth, F G r s (V,0), iff F(z,a) G r s (£,0) for every 
a G A and the induced map F : A — > r,g(i7, 0) is holomorphic and bounded. A 
curve C G V is called Ssmooth iff C satisfies condition (1.2) and C = Div(F) for 
some F G Ts(V, 0), i.e. C is defined by such an F. Let 5Fg denote the set of those 
FeT s (V,0) such that inf { \F(z,a)\ : z G E,a G A r> i } > for some r < 1 and for 
which the curve Cf '■= Div(F) has degree n. 

1.11. Lemma. A set Ts(V, 0) of S- smooth functions is a Banach space with a 
norm 

||F|| 5 :=sup{||F(z,a)||s : aG A}. 

Every S -smooth curve C C V of degree n is represented by a unique Weierstrafi 
polynomial P = P f (z,w) = w n + £^ =1 f^w^ with f = (A , . . . , f n ) G T s (£, n ) . 
The set 3^ n) is open in F S (V, 0) and the map * : 9^ n) -> F s (£, n ), * : F ^ /, is 
holomorphic. 

1.12. Proof. The part of the lemma concerning Ts(V,Q) is obvious. Let F lie in 
9g C r s (y, 0) and C F C £ x Abe the corresponding curve. For k G N and ze £ 
we set ^ 

fk(z):= — / — — - —(z,w)dw, 

where r < 1 is chosen sufficiently close to 1. Then fo is constant and equals 
the degree n of C, whereas fi, i = 1,... ,n, are the coefficient of the Weierstrafi 
polynomial Pf of C. Since the operations in the definition of fk — taking inverse, 
differentiating, integrating — are holomorphic, fk depends holomorphically on F G 

r s (v t o n ). ' ' □ 

1.13. LetM^iV) be the image ^(^ n) ). One can regard an embedding M { g\v) C 
Ts(£, n ) as a local chart of a moduli space of curves on a complex surface with an 
appropriate smoothness condition. To be able to patch such local models together 
we need an invariant description of M^ 1 (V). 

Take F G 3^ n) , set C := Div(F), / := #(F), and consider the tangent map 

dv F :T F ^ n) = r 5 (v,o) — >t c mP(v) =r s (£,o n ). 
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1.14. Lemma. Let n : \C\ — > £ be the natural projection and ir*0c a push- 
forward with respect to it. The map d^ F induces on 0^ a structure of a tt*0c- 
module which is independent of the choice of F with Div(P) = C . With respect to 
this structure there exists a iv*Qc '-isomorphism 9c between 0^. and the push-forward 
ft^Nc of the normal sheaf "Nc = Mm 0v (J(7/Jp, 0c)- 

The isomorphism 9q admits the following characterization: Let F\(z,w), A G 
A(p), be a holomorphic family of functions in 3^™^ such that C = Div(Po). Fur- 
thermore, let v? := 9c(d^F (F^)) G T(C,N C ) where Pq := ^| A=0 - Then 

<p : [F ] 3l G T(CJc/3 c ) -> [Fohc G r(C, Oy/Jo). (1-8) 

1.15. Proof. For convenience we slightly modify the definition of the map For 

P G 5^ C r s (V,0) and / = (/i,... ,/„) = *(P) G r s (£,0 n ) we set := 
ty n + X^r=i fi{ z ) wfl ~ l e rs(V,0), where WP stands for "Weierstrafi polynomial". 

Set P := f WP (F) and (7 := P~ 1 F. Then (7 is holomorphic and bounded in 
V, g(z,a) G Ts(H,0) for a G A^i, and the induced map g : A r ^\ — > r,s(i7, 0) is 
holomorphic. Considering the Cauchy representation for g, 

27rl J\C\=r 

we see that g G Ts(V,Q). By the same argumentation g~ l G T s (V,0). Moreover, 
the map P G 9^ n) 1 — ► F/^ WP (F) G T S (V, n ) is holomorphic. 

Now let F\(z,w), A G A(p), be a holomorphic family of functions in Ts(V,0) 
with P = P. Put P A := V WP (F X ) and # A := Pa/Pa- Then P x and # A depend 
holomorphically in A. Differentiating the identity F\ = g\- P\ with respect to A in 
A = 0, we obtain 

F^ = g' -P +g -P^ 
with go = g and Po = P. Thus the tangent map 

d^ p : T F ^ 6 n) = r s (y, o) - r s (v, 0) 

is given by a formula d$! F /p (F') = | g p F | , the Weierstrafi remainder of a division 

of g~ x F' by P. It is a unique polynomial P// = J27=i fl( z ) wTl ~ l °f degree < n such 
that Rf = (7~ 1 P / (modP). This implies that cM/p yields an isomorphism of Banach 
spaces 

^:r s (v,o)/(F.r s (v,o)) = r s (s,o n ), 

i; F :[H] F ^h=(h l ,...,h n ) with g- x H = R h (modF). 

Due to its definition, ipp is essentially local and induces the isomorphism of 0%- 
modules 

ipF : 7r*(0y/(P(^,«;) • Oy)) = Q s [w]/(P(z,w) ■ E [w}) = Q n E . 
Since Oy / 1 P(z,w) • Oy = Oc, i>F defines on 0£. a structure of a free 7r*0c-niodule 

„c 1 Tf p ^ r t~\r tc\\ :„ „ — j-i £. j-; — „.:j-U rv-./cn j-i it 1 i, t? 
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for some invertible h G Fs(V,0). Then, by the definition, ^ F {H) = ipp^h^H). 
Consequently, the induced structure of the 7r*0c-module on 0^ is independent of 
the choice of F. 

Using ipp we define a 7r*0c-homomorphism 9p '■ 0^ — > n^c- For a local section 
/ = ,/ n ) of 0^ over an open set ft C we take a holomorphic function 

if G r(J? x A,0) such that H = g-R f (modF) in ft x A, where # = is 
as above. Since C = Div(i ? ), the sheaf Jc/^c * s f ree Oc*- m odule of rank 1 with 
generator [-P 1 ]^ • Using Nc = Homo v (Jc/^C' 0v/0c), we define 

<9p.(/) g rx^Tr^c) = r((L? x A) nC,K c ), <W) : [f]^ ^ [if] 3c . 

If if G r(i? x A,0) is another holomorphic function with H = g ■ i?/(mod F), 
then [H]o c = [H]j c . This shows that the definition of 9p(f) is independent of the 
choice of H. 

Similarly, if F G ^(V, 0) is another defining function for C, C = Div(F), then 
F = h-F with h G F s (V,0) invertible. In this case P~ X F = h-g and hence 
9p(f) : [F] 3 2 c h-> [h-H]j c . This means that 9 F (f) = 0f(/) as sections of Nc- Thus 
the definition of 9c '■= Op is independent of the choice of defining function F for 
the curve C. 

Now let F\(z,w) G Fs(V,0), A G A(p), be a holomorphic family of functions 
such that F = F and Fq = H. The relation (1.8) for ip := 9 c (dV F (H)) follows 
immediately from the construction of ^ p and □ 

1.16. Definition. Note that the constructed isomorphism 9c induces the 
bijection 9 C : r(C,K c ) r(£,0r»). A section ^ of K c is called ^-smooth, 
<per s (C,X c ), iff9(<p)eT s (S,0 n i: ). 

1.17. As we have already noted, the map \1/ : (V) — > 1^(17, O^) is a chart in a 
moduli space of curves in V with an appropriate smoothness condition at boundary. 
However, the map \1/ depends on the choice of local (holomorphic) coordinates (z, w) 
in V. In particular, if in the construction of \1/ we replace w by some other coordinate 
function w = w(w), then the map \1/ as well as a Tr^Oc-nic-duke structure on 0^ will 
change. However, relation (1.8) remains valid, since it is independent of the choice 
of coordinates in V. This leads us to 

1.18. Corollary. The tangent space TcM^\v) is canonically isomorphic to 
rs(C,K c ). ' □ 

2. Curves in the "distorted cylinder" 

2.1. To be able to patch local descriptions, we consider the following special sit- 
uation. In C 2 with standard coordinates (z,w) we consider an annulus A rj R := 
{(z,w) : w = 0, r < \z\ < R}. We assume that in some neighbourhood U of the 
closure A r ^ we are given two holomorphic functions Z\ and z^ which coincide with 
z along A r ^R. Without loss of generality we may also assume that the both pairs 
(zi,w) and (z2,w) are coordinates in U so that we can express z\ = zi(z2,w) and 
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For p > let 

W r ,R, P ■■= {x G U : \z 1 (x)\>r,\z 2 (x)\<R,\w(x)\<p}. 

We shall always suppose that p > is chosen sufficiently small such that W r} R }P <<= U 
and that the sets 

d-W r ^ p := {xeU : |zi(x)|=r,|u;(a;)| ^p} 
d + W r , RjP := {xeU : \z 2 (x)\ = R, \w(x)\ ^ p} 

are disjoint. One can regard the set W rj R jP as a distorted cylinder with the non- 
parallel lower side d-W r ,R jP and upper side d+W rj R jP . Note also that there exist 
real numbers r < r' < R' < R such that both sets 

V r~r> ■= {x Ell : r < |zi(x)| < r', < p} 

:= i x ^U : R' < \z 2 {x)\ < R, \w(x)\ < p} 

are products of an annulus and a disk. This allows us to make the following 

2.2. Definition. A smoothness S in W rj R jP is defined by fixing smoothness 
classes S~ and S + in A. A holomorphic function F in W r ^R jP is S-smooth, F G 
rs(W riJiiP ,0), iff F| v _ G r 5 -(y r -„0) and G r s+ '(y+ fl ,0). Note that 

r, r' Ft' , Ft 

S defines also a smoothness in A Tj r: It is sufficient to fix annuli A~ = {r < 
\z\ < r'}, A + = {R 1 < \z\ < R} and smoothness classes S + and S~ . We shall 
also denote this smoothness by S. Thus we obtain a continuous projection map 
FeT s (W r ,R, p ,0)^F\ ArR eTs(A r ,R,0). 

A curve C C W rj R jP is S-smooth iff C C W rj R jP ' for some p' < p and C = Div(F) 
for some F G r^WV^p, 0). The degree of an S-smooth curve C C W rj R jP is an 
integer degC := J dlogF, where F G ^(W^p, 0) is any function defining C and 
7 is a simple smooth loop (i.e. a closed real curve) in {x G W rt R tP : \w(x)\ = p} 
with J eilogw; = 1. It is obvious that degC is a positive interger independent of the 
choice of F and 7. The set of 5-smooth curves of degree n in W r ,R, p will be denoted 
by M { s\w r , R , p ). Note that for every S-smooth curve C C W r ,R, p the Weierstrafi 
polynomials P + and P~ of Cr\V~ r , and CflV^ R are uniquely defined. This yields 
an inject ive map 

: Mg (w r , R , p ) - r 5 _ (A r , r ,, n ) x r s+ (A R ,, R , n ). (2.1) 

A family {C y } ye Y of S-smooth curves of a degree n in W r ^ p parametrised by 
a topological space Y is called continuous iff induced map 

* : y - rv (A r , r ,, 0") x r s+ (^ >Bj 0"), ¥(y) := « (n) (C y ), 

is continuous. 

We say that {C y } ye Y is a holomorphic family of S-smooth curves, if it is a 
continuous family of .S-smooth curves, Y has a structure of a Banach analytic space, 
and both restricted families C y fl V~ r , and C y fl fl are given by holomorphic 
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if)p induce local determining functions F ± (z,w,y) := ipy (y) { z i w ) on V r r' x ^ an< ^ 
Vft/ R xY respectively. 

To generalise the results of Section 1 for curves in W r ^ p one must find an 
appropriate analog of a Weierstrafi polynomial for W rjRjP . 

2.3. Definition. Let the components of / = ,/ n ) G r^A^, n ) have a 
Laurent decomposition fi(z) = fi~(z) + f~(z). A (distorted) WeierstraB polynomial 
Pf(z\,w) in W rjRjP of degree n with coefficients , / n ) is defined as 

n 

P f (z 1 ,z 2 ,w):=w n + J2(f l -^i) + ft^2))w n -\ (2.2) 

i=i 

2.4. One can expect that there is one-to-one correspondence between S-smooth 
curves in W TjRjP of degree n and distorted Weierstrafi polynomials Pf(z\,Z2,w) 
of the same degree n with ^-smooth coefficients. Since a difference of z\ and z 2 
introduces a "non-linearity" one can hope to obtain the corresponding relationship 
only in some neighbourhood of a trivial case Pq = w n and Co = n ■ A rjR , when the 
coefficients / = , f n ) of Pf are sufficiently small with respect to the norm 
in Vs{A rjR ,O n ). The corresponding condition on a curve is that \\^ n \C)\\ s (with 
K n from (2.1)) should be small. Here denotes the norm in Tg- (A r y, n ) © 

r s+ (A R ,, Rt o n ). 

2.5. Lemma. Let z\, z 2 , w, r < r' < R' < R, p, and S have the same meaning as 
above. There exists e > such that every S -smooth curve C of degree n in W rjRjP , 
satisfying 

\\K^(C)\\ s ^e (2.3) 

is a zero divisor of a uniquely defined distorted Weierstrafi polynomial Pf(zi,z 2 ,w). 

If Y is a topological (resp. Banach analytic) space and {C y } ye Y is a continuous 
(resp. holomorphic) family of curves satisfying (2.3), then the induced map rby : 
Y — > Fs(A rjR , n ) with Div(P^ )y (j / )) = C y is continuous (resp. holomorphic). 

2.6. Proof. Without loss of generality we may assume that e > is chosen 
sufficiently small so that C C W r ^ p > for any given p' < p also small enough. 
Furthermore, we may also assume that 

r < \z\ (z2,w) | < R', for any (z2,w) with \z 2 \ = r' and \w\ ^ p' , , 
r' < \z 2 (zi,w)\ < P, for any (z±,w) with \z±\ = R' and \w\ ^ p' . 

Then W ryRyP i is a union of V\ := V~ R , = {r < \z\\ < R', \w\ < p' } and V 2 := V^t R = 
{/ < \z 2 \ < P, \w\ < p'}. Since Vi = Ai x A(p') with A x := {r < |z| < R'} and 
^4.2 := {r' < |z| < P}, we can apply the result of Lemma 1.2. 

Let B be a sufficiently small ball in Fs(A ryR , n ), / = , /i) G P, and 

P/ a corresponding distorted Weierstrafi polynomial. Then the zero divisor C/ := 
Div(Pj) is an S'-smooth curve of degree n lying in W r;RjP . Moreover, both curves 
CfC\Vi, i = 1,2, are ^-smooth and of degree n in V\ and V 2 respectively. Here 
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polynomials Pi and P2 in V\ and V2 respectively such that C/HVi = Div(Pi). This 
defines the maps (pi : B — > rs.(^4j,O n ), z = 1,2. 

Formula (1.8) provides that the derivation of (pi at / = G B is simply the 
restriction map r s (^ r ,ii,O n ) -> ^.(^,0"). Set F :=T Sl 0") © T S2 (A 2 , n ) 
and </? = (^1,^2) : B — > 1" so that <£>(/) = K*- n - ) (Div(Py)). Since the differential 
d</?(0) of </? at / = G B consists of the pair of restrictions, dip(0) is an injection 
with a closed image. This implies the injectivity of <p in some smaller ball B(0,e) C 

T S (Ar jR ,O n ). 

We state our conclusion in the following way: There exists an e > such that 
two distorted WeierstraB polynomials Pf and P g in W r ^ p of given degree n with 
|s ^ e and \\g\\s ^ £ coincide provided they define the same curve C C W r ^ p . 



2.7. Now let C C W r ^ p be a curve which satisfies the hypotheses of the lemma. 
In particular, C fl V\ is ^"-smooth and C n V\ = Div(P) for a uniquely defined 
Weierstrafi polynomial P = w n + J2™ =1 gi(zi)w n ~ l . Further, from C C W rj R iP > we 
obtain ||^/ c ||L oo ( J 4 r . Rl ) ^ c-p' where the constant c is independent of the curve C. 
This yields 

\\9k\\r s .(A ry ,o)<c'-p'. (2.5) 
Consider the restriction of P to the set 

W r y tP = {xeU : \z 1 (x)\> r,\z 2 {x)\ <r',\w(x)\ < p}. 

Note that every S'-smooth function F in W r y jP is uniquely represented in the form 

n 

F = Y J {fH^) + U{^))w n - i + w n {l + Q) (2.6) 
i=i 

with Q G r s (W ry , p ,0) and / = G r s (^,0 n ). Here = 

fi~{z) + f~(z) denotes the Laurent decomposition of the components of f(z). The 
corresponding fa are obtained inductively by the formula 



/._»(,):= , fc = ,...,„-l, (2.7) 

so that 

1+g:= F-sr-i(/, + w+/rw)«-. (2 . 8) 

Let us denote P by P - Define inductively Pk+i '■= (1 — Qk)~ 1 Pk, where Qk is 
determined by the relation 

n 

Pk = J2(fU z i)+fkM)) wn ~ i+wn ( 1+ Q^ ( 2 - 9 ) 

and fk,i{z) = fki( z )+fki( z ) * s the Laurent decomposition. We shall represent Pk in 

+u„ f — ™ d „..n 1 d 1 „..n/n_ „,;+u r> ( „ ~ „.."\ . / f+ \ 1 t— ( ~ \\ „..n—i 
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The estimates (2.5) on the coefficients gi of P and the recursive formulas for fo^(z) 
and Qo provide the estimate 

H^oll + IIQoKc'V, 

where ||-|| denotes the norm in V s{W r y yP , 0) and the constant c" independent of 
the choice of a curve C. In the same way one obtains the estimate 

\\R k+1 \\^(l + d"\\Q k \\)\\R k \\ and ||Q fc+1 || ^ d" {\\Q k \\ + \\R k \\) \\Q k \\, 

where the constant d" is independent of C and p' . Since Qo and Rq are small 
enough, the iteration converges to P^ = w n + Roo which is of the desired form. 

To show the existence of a distorted Weierstrafi-type polynomial P in the entire 
set W r>R}P , we additionally fix real numbers r" and R" with the property r' < r" < 
R" < R' . Then there exists a p" > such that 



r' < \z2(zi,w)\ < R", for any (zi,w) with \z± 



\zi\ 


= r" 


and 


\w\^p" 


\Z2\ 


= R" 


and 


\w\^p" 



(2.10) 

We may assume that e > was fixed so small that every curve C satisfying the 
hypotheses of the lemma lies in W rjRjP ». 

Let C be such a curve. The above procedure allows us to construct the corre- 
sponding distorted Weierstrafi-type polynomials P~ in the set W rjR » jP » and P + 
in the set W r ii Rp n. Due to condition (2.10) the intersection W r ^ R n p n ^W r " jRp „ 
is also a distorted cylinder W r ii R ,, p ,, . Thus P~ and P + coincide and define the 
desired distorted Weierstrafi-type polynomial P in the whole set W rjRjP . 

2.8. Let Y be a topological space and {C y } ye Y a continuous family of curves 
satisfying condition (2.3). Furthermore, let ifjy '■ Y — > Ts(A r}R jO n ) be an induced 
map. The explicit construction provides that ipy is continuous. 

Suppose also that Y is a Banach analytic space and {C y } ye Y is a holomorphic 
family of S'-smooth curves. Assume additionally that z\ = Z2, i.e. that W rjRjP is 
a usual (not distorted) cylinder A rjR x A(p). Let ip Y : Y — > T s -(A r y x A(p),0) 
and tpy '■ Y — > r^+^R/^ x A(p),0) be holomorphic maps, inducing corresponding 
local determinig functions F ± (z 1 w,y) for the family {C y } in A r r / x A(p) x Y - and 
Ar/^ x A(p) x Y" respectively, see Definition 2.2. 

Lemma 1.11 implies that there exist holomorphic maps (p~ : Y — > r s - (A r y, 0) 
such that the Weierstrafi polynomial w n + Y^i = i (z,y)u) n ~ l with coefficients 
f~(z,y) := <p~(y)(z) is a local detemining function for the family {C y } in A r y x 
A(p) x Y. Indeed, the map <p~ := (<pj~ ,. . . ,<p^) is obtained as a composition of 
with the map \I/ from Lemma 1.11. Repeating the same argumentation for ipy, we 
obtain a holomorphic map <p + = (<p+,... : ^ ~~ * Ts+ (^-i?',i?7 n ) with similar 
properties. 

The condition that both w n + J27=i ft( z ^y) wn ~ l are local determining func- 
tions for the same holomorphic family {C y } means that the map (<p~,<p + ) : Y — > 
Fg- (A r y, n ) x F$+ (A R > jR , n ) takes values in the subset consisting of the tuples 

(/+,/-) = ((/!+,. ..,/+)',(/r, ...,/-)) g r s -(v ) 0")xi s+ (4', fl ,0") which 
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T s (A r}R ,O n ). This implies that (y?~,¥? + ) takes value in T s (A rjR ,O n ) C T s -(A r y, 
O n ) ®T s +(A WjR ,O n ). Thus any holomorphic family {C y } yeY in A rjR x A(p) of 
curves satisfying condition supp(C y ) C A rjR x A(p') with some p' < p of given 
degree n is defined by a holomorphic map <^y : Y — > rs(^4 rj _R, n ). 

Now let us return to W r;R;P of the general type satisfying the conditions of the 
lemma. Note that all the above constructions of the proof respect holomorphic 
structure, in particular, they can be interpreted as holomorphic maps between 
corresponding Banach manifolds. This implies that the statement of the lemma 
about holomorphic families {C y } ye Y of .S-smooth curves is valid. □ 

2.9. It follows from the above that a small ball in rs(A rjR ,O n ) is a local chart for 
the space M.g L \w r:RjP ). In this situation an invariant description is also possible. 

2.10. Lemma. The tangent space Tcy^g\w r ^ RjP ) at C = n - A r>R is canonically 
isomorphic to rg(A r) fl, Nc). Formula (1.8) also remains valid. 

Proof is identical to that for Lemma 1.14. □ 
3. Globalization 

3.1. Let U be an open set in a smooth complex surface X and ^^'^(U) be the set 
of all curves in U. One can regard ^^'^(U) as the base of the "universal" (weakly 
continuous) family of curves in U. However, the weak topology of currents in 
<pj(M) ^jj^ j g not conven i en t to deal with. As we have seen in the previous sections, it 
is more useful to describe (a family of) curves by appropriate determining functions. 
Here we shall show that every continuous family of curves in U can be locally 
represented as a continuous deformation of determining functions. 

It is enough to consider the situation when U = U x A with U a smooth complex 
curve. Let z be a (local) coordinate on U and w a standard one on A. Fix a 
relatively compact subcurve U' (s U with a smooth boundary and a smoothness 5 
in U'. Thus for every neighbourhood Q of E' in E the restriction map T(f2, 0) — > 
r(U',Q) takes values in Ts(S' 7 0) and is continuous w.r.t. usual Frechet topology 
in r(J?,0). 

3.2. Lemma. Let < r < R < 1 and let Co be a curve in U whose restriction 
Co nV R , V R := U' x A(R), is S-smooth and lies in V r = U' x A(r). Suppose also 
that Cq does not contain components of the form {z} x A with z G U' . Then there 
exists a neighbourhood VS n ^ of Co in Td^^^U) with the following properties: 

i) For every C G the restriction C DV r is S-smooth in V r and has degree 
deg(Cny) =deg(C rW) =: n. 

i) The induced map k, : VS n ^ — > (V r ) is continuous with respect to the weak 
topology in 73 {l ^\U). 

Hi) If {C y } ye Y is a holomorphic family of curves in U with C y G for all 
y EY , then the induced map cpy '■ Y — > '(7 r ) is holomorphic. 

3.3. Proof. Define 
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Since the weak convergence Ci — > C of currents in CPJ^ 1 ' 1 -^ (C^") implies the Hausdorf 
convergence of supports \Ci\ — > |C|, the set IX is open in CPJ^ 1 ' 1 ^ (t/) . 

Let {Ci} be a sequence in IX which converges to C G IX with deg(Ci fl V r ) = n. 
Then Lemma 1.2 implies that deg(C fl V r ) = n. Thus IX is a disjoint union of 
components := {C G IX : deg(C nV r ) =n} which are open in ^'^(U). Take 
any C G U< n >. Since U is Stein and H 2 (£/,Z) = 0, there exists F G T(U,0) such 
that C = Div(F). But then F\ v G Fs(V r ,0) and this proves the S'-smoothness of 

Cnv r . 

bince is a subset of a space of distributions, its topology is sequencial. 

This means that a set A C TJ (1 ' 1} (C/) is closed iff for any sequence {CJ C A which 
converges to C = limC^ G CPJ^ 1,1 -* (t/) the limit point C belongs to A. In particular, 
a map k : — > Mg^(V^) is continuous iff" the image of every convergent sequence 
is also a convergent sequence. 

So let {Ci} be a sequence in VS n ^ converging to C G VS n \ Then there ex- 
ists a neighbourhood Q of U' in £ such that \C t \ n (i? x (A( J R)\A(r))) = 
for every z » 1. It follows that every restricted curve Ci fl Q x A(r) is a zero 
divisor of a uniquely defined Weierstrafi polynomial Pf i of degree n with coeffi- 
cients fi = (fn, . . . , fi n ) G r iO o(J?,0 n ). Moreover, the coefficients fi are L°°- 
bounded uniformly in i. Consequently, fi weakly converge in Q to the coeffi- 
cients g = (<7i,... ,g n ) G rLoo(J7,O n ) of the Weierstrafi polynomial P g of the curve 
CnfixA(r). 

By the hypotheses of the lemma, the restrictions of fi onto U' are S'-smooth and 
converge to g\ E , with respect to the norm topology in Ts{£\ O n ). This shows that 
the map k : is continuous. 

Now let {C y }y£Y be a holomorphic family of curves in U with all C y GlXK Fix 
some yo G F. Then there exist a neighbourhood Yq o{ y$ eY and a neighbourhood 
Q of r' in r such that \C y \ n (i? x (A(i?)\A(r))) = for every y G F - Take 2* G 77 
and G Yq, and consider the set ({z*} x A(i?)) fl |C y *|. By the construction, it 
consists of finitely many points x±,.. . ,Xk- For every Xi an appropriate multiplicity 
rrii is defined such that X)i=i m * = n - 

By the definition of a holomorphic family of curves, in some neighbourhood Wi C 
U x Yq of every (xi,y*) a holomorphic function Fi{z,w;y) G r(H / i,0(7xY") is defined 
such that Div(Fj (•;£/)) = C y nWi. As in the proof of Lemma 1.11, we can constract 
local determinig functions Pi(z,w;y) G r(M / i ,0[/ x y) for C y f]Wi which are poly- 
nomial in w, Pi{z,w;y) = w mi +J2 7 jHifij( z ^y) wmi ~ : '- The product P(z,w;y) := 
n^ =1 -Pi(z,u;;y) is the Weierstrafi polynomial of C y . This shows that in a neigh- 
bourhood of <E U x Y the coefficients f(z;y) = (fi(z;y),. . . , f n (z;y)) G 
rioo(J7, O n ) depend holomorphically (i.e. analytically) in both variables z and y. 
It follows that the induced map ipy '■ Y — > r^oo (J?, O n ), sending y <E Y into the 
coefficients of the Weierstrafi polynomial of C y fl {ft x A(r)) is holomorphic. To 
finish the proof, we apply the restriction map T Loa {ft, O n ) — > r^Z^O 71 ). □ 

3.4. Remark. In fact, we have constructed a morphism tpy '■ Y — > r,g(Z",O n ). 

3.5. Definition. Let £7 be an open set in a smooth complex surface X and C a 
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U which satisfies the following properties: 

i) Every Ui is a product [/j = ^xA with Si being an annulus A ru \. Moreover, 
in some neighbourhood Ui of the closure Ui there exists a holomorphic function Zi 
whose restriction on Ui coincides with the standard coordinate z on A ru \ = {z : 
Ti < \z\ < 1}. 

ii) UDUi = {xEU : \zi(x)\ < 1}. 

m) For every Ui there is a fixed smoothness S{ such that C C\Ui is a zero divisor 
of a Weierstrafi polynomial P 9i of a degree n$ with ^-smooth coefficients gi = 

iv) Distinct Ui are disjoint and jC^U^ Ui is compact in U. 

Then we say that S := { (Ui, Zi,Si) } is a smoothness in U and C is an S-smooth 
curve in U. A family {C y } yE Y of S'-smooth curves in U is called continuous (resp. 
holomorphic) iff Y is a topological (resp. complex) space, {C y } ye Y is a continuous 
family of curves in U, and every restricted family {C y nUi} yE Y is induced by a 
continuous (resp. holomorphic) map Fi : Y — > ni ). 

A section / of the structure sheaf c (resp. the normal sheaf Nc) is called S 1 - 
smooth, / G Ts(C, Oc ) (resp. / G rs(C,Nc)), iff for every t/j the restriction f\ v is 
S^-smooth. An S'-smooth curve C is called extendible iff there exists an (abstract) 
holomorphic curve C (i.e. a complex analytic space of pure dimension 1) and an 
open embedding C C, such that |C| is relatively compact in \C\, \C\ <e \C\, 
®c\c = ^C' an d sucn that the restriction map T(C,Qq) — > T(C, Qc) takes values 
inr 5 (C,0 c ). 

3.6. Theorem. Let X be a smooth complex surface, U C X an open subset, S 
a smoothness in U , and C an S-smooth curve in U . Suppose that C is extendible. 
Then there exists a ball B C Ts(C, Nc) an d a holomorphic map $ : B — > H 1 (C, 3\fc) 
wztfi $(0) = and d$(0) = sucfc tfarf toe set Z := $ _1 (0) is 

a) a Banach analytic set of finite codimension in B and 

b) the base of a holomorphic family 6 = {C 2 } of S-smooth curves in U with 
Co = C which possesses the following universality property: 

For every continuous (resp. holomorphic) family {C y } yE Y of S-smooth curves 
in U with C yo = C there exists a neighbourhood Y' of yo in Y and a continuous 
(resp. holomorphic) map ^y 'Y' — > Z with ^Y(yo) = and C^y( y ) = C y . 

Denote by JAs(U) the set of S'-smooth curves in U. Due to Definition 3.5 this is 
a subset of Yli^s l (^i^ ni ) with the induced topology. Thus Theorem 3.6 provides 
that in a neighbourhood of an extendible curve Ms(U) has the natural structure 
of a Banach analytic space of finite type and that Z is a local chart for Ms(U) at 
C. We call Ms(U) the moduli space of S-smooth curves in U. 

3.7. Proof. Let {Ui} be as in Definition 3.5. We construct a special covering {Vi} 
of \C\ in U which satisfy the following conditions: 

i') Every Vi is biholomorphic to Si x A for some smooth complex curve Si with 
a boundary dSi consisting of finitely many smooth circles 7^, dSi = Uj7ij. 
ii') If % ^ N, then Vi = A r > ^ xAc^ for some r t < r • < 1. 

in') With respect to the isomorphism Vi = Si x A, the restricted curve CdVi is 
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smoothness Si on Ui and the coefficients of Pj are ^-smooth. 

jV J An intersection n V,- is either empty or is biholomorphic to a distorted 
cylinder Wij := W^^r^^^ with corresponding holomorphic coordinates z'^, z'/j, 
and Wij. In the latter case \C\ ClViHVj is a (non-empty) annulus Uij = A ri . Ri , = 
D'\v(wij) and Cij := C n V* n V} = riy • A rij)Rij . 

V) If is a boundary component of Ui with i> N, then 7^ C Vj . 

The construction of {V^} can be realised as follows: First, for every % ^ N we 
find r[ with Ti ^ r[ < 1 such that \C\ is a smooth analytic set in a neighbourhood 
of |C| l~l ({x G ^ : \z(x)\ = r^} x A). Next, we consider the singular points of 
|C|\(u£LiVi) and find an appropriate neighbourhood Vi, i = N + 1, . . . ,Ni, of every 
such a point, so that Vi and Vj are disjoint for 1 < i,j ^ iV~i. Then the set 
|C|\( U i=d^) can be covered by finitely many smooth complex non-closed curves 
C k with a smooth boundary which we enumerate by k = Ni + 1, . . . N 2 . 

For any C' k we fix a neighbourhood V fc ' of a closure C" fe such that \C\ fl is 
also smooth with a smooth boundary and H 2 (V fc ',Z) = 0. In particular, the (holo- 
morphic) line bundle LcnV, corresponding to a divisor |C|nVj£, is topologically 
trivial. Due to a result of Siu [Siu], the set \C\ fl V k ' admits a Stein neighbourhood 
V k C V k . The condition of topological triviality of £cnv fe ' provides the existence of 
a holomorphic function Wk G T(V k ,0) such that \C\ HV k = Div(wfc). 

We may assume that \C\ HV k is biholomorphic to a subdomain of the complex 
plane C. Let Zk be a holomorphic function on \C\C\ V k which corresponds to a 
standard coordinate on C. Since V k is Stein, we can extend Zk to a holomorphic 
function in V k . Now one can see that, choosing appropriate Uk C \C\ fl V k ", k = 
Ni + 1,...N%, and setting Vk '■= {x G V k : Zk(x) G Uk\wk{x)\ < r^}, it is possible 
to obtain the desired covering {Vi} with i = 1, . . . , N 2 . 

3.8. Due to the construction of Vi = Ui x A, the boundary components {'jij} of 
Ui are naturally separated into two groups which consist respectively of "inner" 
components lying in U and "outer" components lying on dU. It is easy to see that 
the property of a curve C to be .S-smooth in U is independent of the choice of inner 
smoothness classes Sij which correspond to inner components 7^. Thus without 
loss of generality we may assume that all inner smoothnesses classes Sij are Hilbert, 
i.e. the corresponding spaces r^A, 0) are Hilbert spaces. For example, one can 
take all Si to be some Sobolev smoothness class L k ' 2 . 

For any index pair with nonempty Wij = V,C\Vj we denote by the 

multiplicity of = CdWij. Note that for such the smoothnesses Si and 
Sj in Vi = Ui x A and Vj = Uj x A induce the smoothness S^ on Uij with the 
continuous projections 1^.(^,0) -> T Sij {Wij,0) and r 5 ,(^,0) -> r s ..(Wij,0). 
We fix sufficiently small balls Bij C r^. (ZVj, niJ ') which parameterise S^-smooth 
curves in W/y which are sufficiently close to C fl W^- . 

Now fix some VJ. Then the restricted curve CdVi is a zero divisor of a uniquely 
defined Weierstrafi polynomial Pi of the degree with S^-smooth coefficients gi = 
(gn,...) G r Si (Ui,Q ni ). Fix a sufficiently small ball P; := B(g it ai) C r 5i (^,0 ni ) 
centered at gi. If the radius of P^ is chosen sufficiently small, then, for every j 

„ U J-U„J- TT7" -L rx „ „ J f t r- TD J-1 „J-„;„J-„J r\:../D \ r^i TJ/" :„ „ „ 
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divisor of a uniquely defined distorted Weierstrafi polynomial P g of the degree riy 
with S'jj-smooth coefficients g G (Eij, niJ '). 

This defines a map <pij : Bi — > By which is holomorphic (see Lemma 2.5). We 
may assume that the image of <fij lies in the ball \B%j. Consider the holomorphic 
map 

•1' II B > W B ' (*(/))« ■■= <Pii(fi)-<Pii(fi) 

i i<j 

The product [Ii^i parametrised the space of tuples (Ci), where every Cj := Div(/j) 
is an ^-smooth curve in V{ which is sufficiently close to CflV^. Two such "local 
deformations" Ci and Cj coincide exactly when (pij(fi) = <fiji(fj)- It follows that 
the analytic set Z := $ _1 (0) C Yli^i satisfies property ii) of the theorem. 

Due to Lemmas 1.14, 2.10 and Definition 1.16, the tangent space to Yli^i a ^ 
g = (gi) is isomorphic to Ei r Si ° n< ) = Ei r s, (C n ^ 5 ^c), whereas the tan- 
gent space to UtKjBij at is isomorphic to V,. ; I'.s , ( ,V, r 0" ) = Ei<j r ^ (C n 
Vy,Nc). Formula (1.8) implies that the differential d& g of $ at g coincides with 
the Cech coboundary operator 

d$ g = 5 S : Y^Ts^enVi^c) — £r Sw (Cn^,Nc), (tf(/0) y = -j^, 

i i<j 

The key point of the proof is that for an extendible curve C the operator 6 has 
a closed image and splits. To show this we fix some i < N so that V$ = Ei x A 
touches the boundary dU. Let 7a be a boundary component of Ei lying on <9L/ 
and Sn the corresponding smoothness class. Then there exists curves C[ C C'/ C C 
such that: 

a) |C-| n |C| = |C"| n |C| = |Ci| so that both C- and C" are extensions of C l 
"outwards" from |C|. 

b) \C[\ is relatively compact in |C| and the "outer" part of the (topological) 
boundary of \C[\ lying outside \C\ is smooth and consists of finitely many circles 
7^ which lie in \C'/\. 

c) If / e r(C l / ,0 ( j), then is S'il-smooth at the "outer" part of the boundary 
of |Cj| which lie on dU. 

We repeat this construction for every 1 < i < AT and set C- = C" = Ci and so on 
for % > N. Set C := CUjC- and C" := CUjCf. These are complex curves. The 
boundary <9C of C consists of smooth circles 7^. Since the restriction Nc\c- * s 
trivial, we can extend Nc to a rank 1 locally free Oc"'- m °dule Nc" with J^c"\c" 
trivial. For any component 7^ of the "outer" part of the boundary of \C[\ we fix 
a Hilbert smoothness class S[a. This defines the Hilbert space Y s'.{C' i , r Hc i ) an d a 
(continuous) restriction map Y s'XC'^Jic 1 ) —*Ts i (Ci,'Nc)- 

Consider the induced Cech coboundary operators 

d' : ^TsiiCi^c) — £r Sii (C^N ), := /i| Cii - /i| CiJ , (3-1) 

i i<j 

and 

5" : £r(C?',Nc«) — £r(Cy,N c ), := /i| CiJ - /i| CiJ . (3.2) 
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By the construction, all C" are Stein spaces. Thus (3.2) is an acyclic Cech 
resolvent for N c „. Consequently, Ker(5") = H°(C",N C ") = T{C" ,Jt c ») and 
Coker(5") = H 1 (C / ',IN"c"')- We note the canonical isomorphisms 

U\C"^c») = H^CTfc) = H^C,^). 
These are finite dimensional spaces. Denote by p the composition 

i<j i<j 

and set T := Ker(p). 

First we note that p is a surjection onto H 1 (C // ,IN"c"')- For this observe that one 
can find an acyclic Cech resolvent 

6 : ^iXa.Nc*) — ^rfe,^), := - f 3 \c^ (3-3) 

i i<j 

for He" with <s C*y. Then every [h] G H 1 (C / ',>J"c"') can be represented by 
h = (hij) with hij G T(Cij,Nc) so that the restriction gives h G Ei<j (CV/,Nc). 

Now take /i = G T. Since = 0, there exists /" = (//') G ttc") 
such that h = S"(f). Let f[ G r(C^Nc) denote the restriction of f" onto C{. 

Now in fact f[ G IV(C^,?\fc")- The corresponding smoothness of f[ at the outer 
component 7^ of the boundary dC^' follows from the fact that f[ is holomorphic 
in a neighbourhood of 7^ . Similarly, if 7^ is an inner component of the boundary 
<9C-, then 7^ lies in some V}. In this case /• is holomorphic in a neighbourhood of 
7ij and // = fay Since fay is SV,- -smooth at 7^, the same holds for 

This implies that the image of 5' is T and is of finite codimension. Conse- 
quently T is a closed subspace of X^<j (CV? >Nc)- Since all the smoothnesses 
are Hilbert, Ei^s^C^Nc) is a Hilbert space and Ker(S') admits a complement. 
Therefore there exists a splitting operator a' : r^. (Cy,3\fc) — > EiI\:(Ci)Nc") 
such that for every h ET holds 5'(a'(h)) = h. 

Let a : r^. (Cij,Nc) — > Ei^s^C^Nc) denote the composition of a' with the 
restriction map E* r ^ ( c 'i^c) -> E; r S; (C*,Wc)- Then again 5(cr(/i)) = /i. 

Recall that (7 = (<7j) G rL-^ i s a tuple of coefficients Weierstrafi polynomials 
parametrising our curve C and 5 is the differential d$ g . Denote by $r the com- 
position of $ with the orthogonal projection on T and by $ the composition of $ 
with the projection onto Coker<i$ s = H 1 (C, Nc). 

The implicit function theorem implies that the set Z\ := $^ 1 (0) is a complex 
Banach submanifold of rii-^i containing g with the tangent space T g Z\ canonically 
isomorphic to Ker(d<& g ) = Hjiy (C,Nc). One can easily see that the set Zi = $ _1 (0) 
is an analytic subset of Z\ defined by the equation Z 2 = {y G Z\ : $>(y) = 0}. Take 
a neighbourhood B of (7 in Zi biholomorphic to a small ball in Hg(C,3Sfc) and set 
Z := Z 2 flB. Then £?, and Z satisfy the condition of the theorem. □ 



20 



V. SHEVCHISHIN 



4. Applications and related questions. 

4.1. Proof of the Main Theorem. Let A be a smooth complex surface, C* 
a curve in A, and K d |C*| some compact subset. Repeating the constructions 
of the proof of Theorem 3.6, one can find an open neighbourhood U C X of K 
and appropriate collections {Ui} and {Vi} of open sets in U such that C* C\U is 
S-smooth with respect to an appropriate smoothness S in U. Furthermore, {Ui} 
and {Vi} can be chosen to satisfy the conditions i) -iv) of the Definition 3.5 and 
i')-v / ) of the proof of Theorem 3.6. Then the statement of the Main Theorem 
follows immediately Theorem 3.6. □ 

4.2. It is important to underline the fact that Banach analytic sets of finite type, in 
contrast to general Banach analytic sets, have a simple structure (see [Ra], Chapter 
II, § 3). Namely, let B be a ball in a Banach space E and let Z be an analytic subset 
of B, which is defined by finitely many holomorphic function and contains G E. 
Then in a neighbourhood V C B of the set Z has finitely many components, 
Z nV = uf =1 Zi, each of them is irreducible at and is defined by finitely many 
holomorphic functions too. Further, for every such component Zi of Z at there 
exist a closed (Banach) subspace Ei C E of finite codimension and a (linear) 
projection 7Tj : E — > Ei such that in some smaller neighbourhood Vi C V of 
the restricted projection 7Tj : ZiHVi — > 7Tj(Vi) is a proper branched analytic covering 
with 7r- 1 (0)nZ l = {0}. 

As a corollary of the Main Theorem we obtain the following statements. 

4.3. Proposition. Let X , C* , and U be as in the Main Theorem. Suppose that 
{C n } is a sequence of curves in X converging (weakly) to C* . Then for any n which 
is sufficiently big there exists a holomorphic family {C\}\ e a of curves in U which 
is parametrised by a disk AcC and contains both C n nU and C* fl U. 

4.4. Proof. Denote C := C* fl U. Let B C r s (C,K c ) be a small ball and 
Z := $ _1 (0) C B a local chart for M S (U). Let Z = UZ { be the decomposition of Z 
into components such that every Zi is a proper branched analytic covering of a ball 
Bi in an appropriate Banach subspace Ei C r s (C,?sr c ) with respect to a projection 
Hi : Ts(C,Nc) Ei. Then for n » 1 a curve C n f]U is parametrised by a uniquely 
defined a n G Z, in particular, a n lies in some Zi. 

Set := Tti(a n ) and let L n be a complex line in i£j through a' n and 0. Then 
7r~ 1 (L n ) fl ^ is a complex curve which consists of finitely many irreducible com- 
ponents, each of which contains 0. Consequently, there exists a holomorphic map 
f n :A^ T s (C^c) such that / n (A) G Zi, / n (0) = 0, and / n (A„) = a n for some 
A n G A. The map f n defines the desired one parameter family {C\}\ e a connecting 
C* n U and c n nu. □ 

4.5. As an application, the Main Theorem and Proposition 4.3 yields a general- 
ization of Levi's continuity principle. For a precise statement we need the notion 
of a meromorphic hull of a domain W in a complex manifold X . Recall, that this 
is a maximal Riemann domain (W,7r) over X containing W, (i.e. n : W — > A" 



MODULI SPACE OF NON-COMPACT CURVES 



21 



tv oi = \dw), such that every meromorphic function / on W extends to a function 
/ on W. We refer to [Iv] and [IvSh] for details. 

4.6. Theorem. (Continuity principle.) Let X be a complex surface, W C X a 
domain, W its meromorphic hull, and {C n } a sequence of curves in W without 
multiple components. Suppose that there exists a domain U <<= X, such that the 
projected curves C n := 7r(C n ) are close in U and (weakly) converge to a curve Coo- 
Suppose also the boundary of Coo is not empty and lies in W. Then the sequence 
{C n } converge to a curve Coo with tv(Coo) = Coo- 

4.7. Remark. Theorem 4.6 has the following meaning. If / is a meromorphic 
function in W which extends meromorphically to a neighbourhood of every C n 
(possibly as a several sheeted function), then it can be extended in a neighbourhood 
of |Coo|. Thus we obtain the generalization of the classical result of E. E. Levi which 
deals with the case where Coo and every C n are disks. 

4.8. Proof. Set Kq := \Coo\\W. Let K be the union of Kq with those connected 
components of |Coo| \~\W which are relatively compact in |Coo|. Then K is compact. 
According to the Main Theorem, we can find an open set U\ C U and a smoothnes 
S in Ui such that K C U\ and Coo H U\ is .S-smooth. 

Due to Proposition 4.3, for any n » 1 there exists a holomorphic family {Z\}\eA 
of curves in Ui which contains containing C n and Coo- Let Ao and Aoo be the 
corresponding parameter values. If n was chosen big enough, the boundary of every 
Z\ lies in W. In an obvious way, this family defines a complex space Z C U\ x A 
such that every Z\ is identified with ZC\U\ x {A}. 

Let / be a meromorphic function in W and / its extension on W. Using the 
technique of [Iv] and [IvSh] for meromorphic extension along a holomorphic family 
of curves, one can show that the restriction of / onto Z\ extends to a holomorphic 
function F on the entire space Z such that F coincides with / in a neighbourhood 
of boundary of every Z\. Since / can be any meromorphic function in W, this 
means that the family {-Za}a£A can be lifted to a family {-ZaIaeA of curves in W 
such that tt(Z\) = Z\ and Z\V\W = Z\[~\W . For further details see [Iv] and [IvSh]. 

Now it is not difficult to show that the desired curve Coo C W can be constructed 
asZ Aoo U(C oo n^). □ 

4.9. Trying to generalise the results of the paper one must overcome the following 
difficulties: 

1 ) Considering deformation problem a non-compact complex subspace Z in a 
complex manifold X , such that dimc-Z > 1, one confronts with the fact that non- 
compact components of Z can be non-Stein. Thus an appropriate cohomology group 
K x {Z,Hz) can be infinite-dimensional and even worse not separated topological 
vector space. 

2) We illustrate problem which appears by deformation of non-compact cycles 
by the following example. Let n ^ 2 and k > 2 be integers. Consider disc A := 
A x {0} C A x C n and cycle Z := k- A in X := A x C n . The problem of deformation 
of Z leads to consideration of the space Hom(A, Sym fc C n ) of holomorphic maps 
between A and k-th symmetric power of C n . The space Sym C n is naturally realised 

„„ „„ i„ „..u„„-i- „f „„™„ mN rpi • •„„„ „ „„j_„„„i ; — 1„ • — u / a c kmn\ ^- 
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Hom(A,C Ar ). Fixing some smoothness class S, e.g. S = L°°, we obtain the set 
Hom s (A,Sym fc C n ) of ^-smooth maps as an analytic subset of the Banach space 
Hom s (A,C Ar ). Thus Horns (A, Sym^C 71 ) is equipped with the natural structure of 
Banach analytic space. However, Homs(A, Sym fc C n ) is has infinite codimension 
in Homs(A,C Ar ). Moreover, there are infinitely many irreducible components of 
Homs(A, Sym^C" - ) in / = (zero map). 

3) One can obtain a statement similar to Theorem 3.6 considering deformation of 
stable maps from non-compact nodal curves to a given smooth complex manifold X 
of arbitrary dimension. Recall, that an abstract nodal curve C is a complex space 
of dimension one whose singularities are only ordinary double points. Such curves 
are also called semi-stable. A holomorphic map / : C — > X is called stabe, if there 
are only finitely many biholomorphisms g :C — > C with the property / og = f. In 
[IvSh] the deformation problem of the stable maps (C,f) is considered under the 
following additional assumtions. 
(*) Curves C have finitely many irreducible components, each of them being of 
finite genus and bordered by finitely many smooth circles, and maps / : C — > X 
are L^-smooth up to boundary dC. 

The set of such pairs (C,f) is equipped with Gromov topology. The following 
result is proved. 

4.10. For given (Co, fo) there exist Banach analytic spaces M, 6 of finite type and 
holomorphic maps 7r:C^M, F : C — > X , such that: 

i) for any A G M the fiber C\ := 7r _1 (A) is a nodal curve and fx := F\ c ^ :C\^X 
is a stable map with the property (*); 

ii) for any stable map (C,/) with the property (*) sufficiently close to (C ,/o) 
w.r.t. Gromov topology there exist a A G M and biholomorphism ip : C — > C\ such 
that f = fx oip. 
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